Introduction
Recently, V. Ginzburg introduced the notion of a principal nilpotent pair (= pn-pair) in a semisimple Lie algebra g [Gi99] . It is a double counterpart of the notion of a regular nilpotent element in g. A pair e = (e 1 , e 2 ) ∈ g × g is called nilpotent, if [e 1 , e 2 ] = 0 and there exists a pair h = (h 1 , h 2 ) of semisimple elements such that [h 1 , h 2 ] = 0, [h i , e j ] = δ ij e j (i, j ∈ {1, 2}). A pn-pair e is a nilpotent pair such that the simultaneous centralizer z g (e) is of dimension rk g. Note that, by a theorem of R. Richardson, rk g is the least possible value for this dimension. Evident similarity between the "double" and "ordinary" theory is manifestly seen in the following results of [Gi99] : z g (h) is a Cartan subalgebra; the eigenvalues of ad h 1 and ad h 2 are integral; both e 1 and e 2 are Richardson elements; Z G (e) is a connected Abelian unipotent group; Z G (e) acts transitively on the set of semisimple pairs satisfying the above commutator relations. Excerpts from Ginzburg's theory, which by no means exhaust [Gi99] , are presented in section 1.
The aim of this article is to develop the theory of nilpotent pairs a bit further and to present some applications of it to dual pairs and sheets in semisimple Lie algebras. In section 2, it is shown that a considerable part of the above-mentioned results can be extended to the nilpotent pairs with dim z g (e 1 , e 2 ) = rk g + 1. Such pairs are called almost pn-pairs. Although almost pn-pairs share many properties with pn-pairs, with similar proofs, some new phenomena do occur for the former. For instance, it is shown that the totality of almost pn-pairs breaks into two natural classes (2.5). One of the distinctions between them is that the eigenvalues of ad h i (i = 1, 2) are integral for the first class and non-integral for the second class. We also give a description of Z G (e) for both classes. It is worth noting that the very existence of almost pn-pairs is a purely "double" phenomenon, because the dimension of "ordinary" orbits is always even.
It is not always the case that a nilpotent pair can be embedded in sl 2 ⊕ sl 2 . The pairs admitting such an embedding are called rectangular. Then, as usual, powerful sl 2 -machinery invented by V.V. Morozov and E.B. Dynkin in 40's makes the life much easier. For instance, a complete classification of rectangular pn-pairs is found in [EP99] , while a classification of arbitrary pn-pairs is not yet known. Some results on rectangular pairs, in particular almost principal ones, are presented in section 3.
Section 4 establishes a relationship between nilpotent pairs and dual pairs. Given a quadruple (e, h) satisfying the commutator relations as above, we show that k 1 = z g (e 1 , h 1 ) and k 2 = z g (e 2 , h 2 ) form a dual pair in g under certain constraints (see 4.3). These constraints are satisfied by the pn-pairs and almost pn-pairs. In the principal or almost principal case, this dual pair is reductive if and only if e is rectangular. Moreover, if e is a rectangular pn-pair, then (k 1 , k 2 ) is S -irreducible in the sense of H. Rubenthaler.
Principal nilpotent pairs
We first review basic structure results on pn-pairs proved in [Gi99] .
Definition (Ginzburg).
A pair e = (e 1 , e 2 ) ∈ g × g is called a principal nilpotent pair if the following holds:
(i) [e 1 , e 2 ] = 0 and dim z g (e) = rk g;
(ii) For any (t 1 , t 2 ) ∈ k * × k * , there exists g = g(t 1 , t 2 ) ∈ G such that ( t 1 e 1 , t 2 e 2 ) = (g·e 1 , g·e 2 ).
The first step in Ginzburg's theory is that condition (ii) is equivalent to the following one: there exists an (associated semisimple) pair h = (h 1 , h 2 ) ∈ g × g such that ad h 1 and ad h 2 have rational eigenvalues and [h 1 , h 2 ] = 0, [h i , e j ] = δ ij e j (i, j ∈ {1, 2}) .
(1.2)
In particular, the pair e is nilpotent in the sense of introduction. This h determines the bi-grading of g: g k 1 ,k 2 = {x ∈ g | [h j , x] = k j x, j = 1, 2} and the induced grading of z g (e). z g (e) i,j , i.e., z g (e) is graded by the 'positive quadrant' without
origin; 4. h is determined uniquely up to conjugacy by Z G (e)
o (that is, the set of associated semisimple pairs form a single Z G (e)
o -orbit).
Because of the last property it is natural to work with a (fixed) quadruple (e, h) rather than with the pair e. Denoting l i := z g (h i ) (i = 1, 2), we get e 1 , h 1 ∈ l 2 and e 2 , h 2 ∈ l 1 . Having the Z 2 -grading of g determined by h, one immediately sees 2 natural parabolic subalgebras containing l 1 and l 2 : p 1 := k 1 ≥0 g k 1 ,k 2 = g ≥0, * (the right half-plane) and
g k 1 ,k 2 = g * ,≥0 (the upper half-plane). Then l i is a Levi subalgebra of p i and e i lies in the nilpotent radical (p i ) nil of p i . The main structure result is
. If e is a pn-pair, then (i) e i is a Richardson element in (p i ) nil (equivalently, p i is a polarization of e i ), i = 1, 2; (ii) e 1 (resp. e 2 ) is a regular nilpotent element in l 2 (resp. l 1 ).
That the theory of pn-pairs has rich content follows from the classification of such pairs in sl N , see [Gi99, 5.6 ]. In particular, the following holds: given a nilpotent element e ∈ sl N , there exists e ′ such that (e, e ′ ) is a pn-pair. The partition corresponding to e ′ is conjugate to that for e. An explicit description of this pair is given in terms of the corresponding Young diagram. This shows g may contain many pn-pairs. Nevertheless, the following fundamental result is true:
1.5 Theorem (see [Gi99, 3.9] ). The number of G-orbits of principal nilpotent pairs in g is finite.
Therefore the pn-pairs in simple Lie algebras can be classified. (Actually, it may happen that g contains no non-trivial pn-pairs at all, see e.g. C 2 or B 3 or G 2 .) Some results to this end are found in [EP99] .
Almost principal nilpotent pairs
In this section we show that a large portion of Ginzburg's theory in the first half of [Gi99] remains valid in a more general setting. A motivation for this work came from studying dual pairs associated with nilpotent pairs, see section 4. Although some new phenomena arise, most of the proofs of (2.2) and (2.4) are adapted from Ginzburg's ones.
Definition.
A pair e = (e 1 , e 2 ) ∈ g × g is called an almost principal nilpotent pair if the following holds:
(i) [e 1 , e 2 ] = 0 and dim z g (e) = rk g + 1;
(ii) there exists a pair of semisimple elements
Each pair h satisfying condition (ii) is called an associated semisimple pair. As in section 1, we shall consider the bi-grading g = ⊕g i,j determined by h. For any subspace M ⊂ g, one may define 3 filtrations:
• e 2 -filtration:
• the double filtration:
. Following an idea of R. Brylinski, define the corresponding limits:
2.2 Theorem. Let e be an almost pn-pair and h an associated semisimple pair. Then
is a Cartan subalgebra of g;
Proof. We use an algebraized version of arguments in [Gi99, sect. 1].
(i) Consider the double filtration for t := z g (h). Since t = g 0,0 and (ad e 1 ) i (ad e 2 ) j t(i, j) ⊂ g i,j , the sum in the definition is actually direct. Obviously, lim e t ⊂ i,j∈Z ≥0 z g (e) i,j . It follows from the definition of double filtration that
Now, an easy summation proves that dim (lim e t) = dim t. Thus,
Since t is a Levi subalgebra, dim t − rk g is even. Hence t must be a Cartan subalgebra.
(ii) Assume that h is a nonzero element in z g (e)∩t. Then e 1 , e 2 lie in the Levi subalgebra l := z g (h). By a result of Richardson [Ri79] , E(l) is irreducible and the pairs of semisimple elements are dense in E(l). Therefore rk g = rk l ≤ dim z l (e 1 , e 2 ) ≤ dim z g (e 1 , e 2 ) = rk g + 1 .
Associated with l, there is a decomposition g = n + ⊕l⊕n − , where [l, n ± ] = n ± . It follows that z g (e) = z n − (e) ⊕ z l (e) ⊕ z n + (e) and dim z g (e) = 2 dim z n + (e) + dim z l (e). Obviously, the first summand is positive and we obtain dim z g (e) ≥ rk g + 2. This contradiction proves the claim (ii).
Corollary. We have lim
e t = i,j∈Z ≥0 ,(i,j) =(0,0) z g (e) i,j . In particular, (ad e 1 ) i (ad e 2 ) j t(i, j) = z g (e) i,j for all i, j ∈ Z ≥0 .
Proof.
It is already proved that the inclusion "⊂" holds. Since t is Cartan and the pair e is not principal, it follows from [Gi99, 1.13] that z g (e) = i,j∈Z ≥0 ,(i,j) =(0,0) z g (e) i,j . Then the assertion follows for dimension reason.
Unlike the case of pn-pairs (see (1.3)), the eigenvalues of ad h 1 and ad h 2 are not necessarily integral and z g (e) is not necessarily graded by 'positive quadrant'. As we shall see in (2.5), these two conditions form a dichotomy in case of almost pn-pairs. 2. lim e 1 t = z g (e 1 , h 2 ) and lim e 2 t = z g (e 2 , h 1 );
Proof. By symmetry, it suffices to prove the first half of each item. The proof applies to both pn-and almost pn-pairs. 1 & 2. This part is essentially the same as in [Gi99] . Consider the e 1 -limit: lim e 1 t = i≥0 (ad e 1 ) i t(i, * ), which lies in z g (e 1 , h 2 ). Since different summands have different weights relative to ad h 1 , the sum is direct and therefore rk g ≤ dim z g (e 1 , h 2 ). The space z g (e 1 , h 2 ) possesses the e 2 -filtration and lim e 2 z g (e 1 , h 2 ) ⊂ z g (e). For similar reason, dim (lim e 2 z g (e 1 , h 2 )) = z g (e 1 , h 2 ) and hence dim z g (e 1 , h 2 ) ≤ rk g + 1. As in the proof of (2.2)(i), one may conclude by making use of the parity argument: e 1 lies in the reductive Lie algebra l 2 and therefore dim z g (e 1 , h 2 ) = dim z l 2 (e 1 ) must have the same parity as rk g = rk l 2 . 3. Applying the formula in (2.3) with i = 0 gives
Obviously, dimension of the left-hand side is j dim (t(0, j)/t(0, j−1)) = dim t(0, * ). 
, if e is an almost pn-pair. Hence there is an "extra" vector x in some g p,q such that z g (e) = z + ⊕ x . We already know that (p, q) ∈ (Z ≥o ) 2 . It follows from (2.4)(2) that the eigenvalues of ad h 1 (resp. ad h 2 ) in z g (e 1 , h 2 ) (resp. z g (e 2 , h 1 ) ) are nonnegative integers. Therefore x ∈ l i (i = 1, 2). That is, pq = 0.
2.5 Theorem. 1. There are 2 mutually exclusive possibilities for p, q . Either
Z \ Z and p, q > 0. 2. In both cases, z g (e) is nilpotent and contains no semisimple elements. Moreover,
is Abelian in the non-Z case.
1. For (Z): Suppose that p, q ∈ Z, i.e., all the eigenvalues of h in z g (e) are integral. We need to prove here that the case p < 0, q < 0 is impossible. Assume not and p 0 = −p > 0, q 0 = −q > 0. A standard calculation with the Killing form on g shows that z g (e) p,q = 0 if and only if g p 0 ,q 0 ⊂ Im (ad e 1 ) + Im (ad e 2 ). By definition, put D = g p 0 ,q 0 \ (Im (ad e 1 ) + Im (ad e 2 )). For each y ∈ D , consider the finite set
l y = 0}, with the lexicographic ordering. This
q 0 t is nonzero and belongs to D . However, I z * ⊂ I y * \ {(k 0 , l 0 )}. Therefore m(I z * ) < m(I y * ), which contradicts the choice of y * . Thus, the case p < 0, q < 0 is impossible.
For (non-Z): Suppose (p, q) ∈ Z ⊕ Z. Consider the set J = {(k, l) | g k,l = 0 and (k, l) ∈ Z ⊕ Z}. Because x is the unique "non-integral" homogeneous subspace of z g (e), J lies in the single coset space (p, q) + (Z ⊕ Z) and has a unique "north-east" corner. Obviously, (p, q) is this corner. Since dim g m,n = dim g −m,−n for all (m, n), this corner must lie in the positive quadrant. The condition (−p, −q) ∈ (p, q) + (Z ⊕ Z) implies p, q ∈ 1 2 Z. It remains to demonstrate that both p, q must be fractional. Assume not, and p ∈ Z, while q is fractional. Consider a "path inside of g" connecting the points (−p, −q) and (p, q): Starting from a nonzero element in g −p,−q , we may always apply either ad e 1 or ad e 2 until we arrive at αx ∈ g p,q (α = 0). Since p is integral, we must intersect somewhere the vertical axis. This means ad h 2 has a fractional eigenvalue in l 1 . It then follows from nilpotency of ad e 2 that ad h 2 has a fractional eigenvalue in z l 1 (e 2 ) as well. However, this contradicts to (2.4)(2). 2. The pairs (k, l) such that z g (e) k,l = 0 are said to be bi-weights of z g (e). In either case, the bi-weights lie in an open half-plane of Q ⊕ Q, hence the assertion. In the non-Z case, (p, q) is the unique nonintegral bi-weight. Since (0, 0) is not a bi-weight (see 2.2(ii)), this implies [z + , x] = 0. It is also easily seen that z + = lim e t is Abelian.
Corollary. If h is any associated semisimple pair then the eigenvalues of
An almost pn-pair is said to be either of Z-type or of non-Z-type according to the two possibilities in Theorem 2.5(1). It will be proved below that all associated semisimple pairs are Z G (e) o -conjugate. Therefore the property of being of Z-type does not depend on the choice of h.
Corollary. Let e be an almost pn-pair of non-Z-type. Then there is an inner involution θ ∈ Aut g such that g
θ is semisimple and e is a pn-pair in g θ .
. It is an inner automorphism of g. Then e 1 , e 2 ∈ g θ , rk g θ = rk g, and dim z g θ (e) = rk g θ . As z g θ (e) contains no semisimple elements, g θ is semisimple.
It is worth noting that the two cases in (2.5) really occur:
2.8 Example. Take g = sp 4 . Let α = ε 1 − ε 2 and β = 2ε 2 be the usual simple roots.
Denote by e µ a nonzero root vector corresponding to µ. Then (e 2α+β , e β ) is an almost pn-pair of Z-type and (e α+β , e 2α+β ) is an almost pn-pair of non-Z-type. In both cases, z g (e) = e 2α+β , e α+β , e β , but associated semisimple pairs are essentially different. The details are left to the reader. Proof.
. It is not hard to prove that (k 0 , l 0 ) = (1/2, 1/2), but we do not need this.
(ii) Now the eigenvalues of ad h are integral and the bi-weights of z g (e) lie in the upper half-plane. The same argument as in [Gi99, 1.12] shows that ad e 2 : g α,β → g α,β+1 is injective for all α and β < 0. (Otherwise we would find an element 0 = y ∈ z g (e) ν,β with ν ≥ α, β < 0.) Then, by duality, ad e 2 is surjective for β ≥ 0. In particular,
nil . On the other hand, ad e 1 : g p,q → g p+1,q is not injective. Hence ad e 1 :
Recall the notion, due to Lusztig and Spaltenstein, of a special nilpotent orbit. Let N /G be the set of all nilpotent orbits in g. The closure ordering "
Spaltenstein studied a duality in (N /G, ). He proved that there exists an order-reversing mapping d :
(b) For any Levi subalgebra l ⊂ g, d takes the G-orbit through the regular nilpotent elements in l to the Richardson orbit associated to l.
Such a mapping can uniquely be determined, in a purely combinatorial way, for the classical Lie algebras and for E 7 . In the remaining cases, a natural choice among finitely many possibilities can be done. Then one of the definitions of specialness is that (N /G) s := d(N /G) is just the set of special orbits. An important feature of (N /G) s is that d | (N /G)s is an order-reversing involution. In case of sl n , this is just the conjugation on the set of all partitions of n. With these results at hand, an immediate consequence of the previous theorem is:
2.10 Proposition. Let e be an almost pn-pair of Z-type, as in (2.9)(ii). Then Ge 1 is not special.
Proof. In view of Theorem 2.4(1), the assertion (2.9)(ii) can be restated as: d(Ge 1 ) = Ge 2 and d(Ge 2 ) = Ge 1 . Assume now that Ge 1 is special, i.e.
Corollary. There are no almost pn-pairs in sl n .
Proof. 1. By Corollary 2.7, any almost pn-pair of non-Z-type yields an inner involution θ such that g θ is semisimple. But sl n has no such involutions. 2. Since all nilpotent orbits in sl n are Richardson and hence special, there are no almost pn-pairs of Z-type as well.
The following easy result is needed in the proof of (2.13).
2.12 Lemma. Let h 1 , h 2 be two commuting semisimple elements. Let n ⊂ g be a subspace such that
Theorem.
Let e be an almost pn-pair. Let h and h
Proof. Let W be the set of all associated semisimple pairs. Obviously,
o is unipotent and therefore
Recall that E is the commuting variety. Hence, the assertion is equivalent to thatW is irreducible and of dimension rk g + 1. Our next analysis relies on the structure of z g (e) described in (2.3),(2.5). We have z g (e) = z + ⊕ x , where z + = lim e t and x ∈ g p,q . In both cases described in (2.5), one has z + is Abelian and [x, z + ] ⊂ z + . Let (h 1 +n 1 +νx, h 2 +n 2 +τ x) ∈ W , where n i ∈ z + , ν, τ ∈ k. The x-coordinate of the commutator is equal to τ p − νq . Therefore (ν, τ ) = c(p, q) with c ∈ k. Vanishing of the z + -component yields the equation
Having fixed c, we obtain a system of linear equations for n 1 , n 2 . More precisely, consider the family of linear mappings
That is, ν 0 is onto. It follows that dim Ker ν c = rk g for all but finitely many c ∈ k. ThereforeW has a unique irreducible component passing through (h 1 , h 2 ) and dim hW = rk g + 1. Recall that the bi-weights of z g (e) lie in an open half-space in Q ⊕ Q. Therefore there exists a 1-parameter subgroup in the maximal torus Z G (h) which contracts everything in the affine space (h 1 + z g (e), h 2 + z g (e)) ⊂ g ⊕ g to the point h. HenceW is a cone with vertex h. Thus,W is irreducible and of dimension rk g + 1.
While Z G (e) is always connected in case of pn-pairs (see [Gi99, 3.6] ), connectedness in the almost principal case depends on the type.
2.14 Proposition. Let e be an almost pn-pair. Then
Proof.
From Theorem 2.5(2), it follows that Z G (e) is a semi-direct product of the unipotent group Z G (e) o and a finite group F . 1. Take an arbitrary s ∈ F . It is a semisimple element of finite order. Since s·h is an associated semisimple pair for e, it follows from (2.13) that s·h = u·h for some u ∈ Z G (e) o . Hence t := s −1 u ∈ Z G (h) = T . By 2.9(ii), one may assume that e 2 is
Richardson in (p 2 ) nil . Since t·e 1 = e 1 and e 1 is regular nilpotent in l 2 (see 2.4), t is in the centre of Z G (h 2 ) =: L 2 . Because l 2 and e 2 generate the parabolic subalgebra p 2 and t·e 2 = e 2 , we get t·z = z for any z ∈ p 2 . This clearly implies that t is in the centre of G. Since G is adjoint, we obtain s = u = 1 ∈ G. 2. By Corollary 2.7, Z G (e) contains a semisimple element of order two.
2.15 Example. Here we describe a series of almost pn-pairs in symplectic Lie algebras. Let g = sp 4n = sp(V) and let v 1 , . . . , v 4n be a basis of V such that the g-invariant skewsymmetric form is B(z, y) = z 1 y 4n + . . . + z 2n y 2n+1 − z 2n+1 y 2n − . . . − z 4n y 1 . Define the operators e 1 , e 2 ∈ sp(V) by the formulas:
If e i (v j ) is not specified, this means it is equal to zero. The orbit G·e 1 (resp. G·e 2 ) corresponds to the partition (2n, 2n) (resp. (2, . . . , 2, 1, 1)). Then [e 1 
(1, 0), (3, 0), . . . , (2n−1, 0), (0, 1), (2, 1), . . . , (2n−2, 1), (2n, −1), where the ordering corresponds to that of basis vectors. Therefore these almost pn-pairs are of Z-type. Note that for n = 1 we obtain one of the pairs given in (2.8). See also example in (3.6).
Remarks. Here we collect some observations, which require either a longer presentation or a further development.
1.
It is true that the number of G-orbits of almost pn-pairs is finite (cf. 1.5). This will be published elsewhere.
2. Any simple Lie algebra contains a non-trivial nilpotent pair e such that dim z g (e) ≤ rk g + 1.
3. All known examples of almost pn-pairs occur in B m , C m , G 2 . Apparently, this means that almost pn-pairs do not exist in the simply-laced case.
4. It is likely that z g (e) is also Abelian for the almost pn-pairs of Z-type, but I did not succeed in finding a proof.
Rectangular nilpotent pairs
A description of pn-pairs in sl N obtained by Ginzburg shows that in general h i ∈ Im (ad e i ), i.e., {e i , h i } can not be included in a simple 3-dimensional subalgebra. However, the theory becomes much simpler, if this can be done, see [EP99] . This motivates the following 1. a (any) regular nilpotent element in k := z g (e,h, f ) is also regular in z g (h);
2. e is not even (i.e., g(1) = 0) and dim z g(1) (e ′ ) = 1, if e ′ ∈ k is regular nilpotent.
Under these hypotheses, if e ′ ∈ k is regular nilpotent, then (e, e ′ ) is an almost pn-pair.
Proof.
The proof is much the same as for the previous assertion. Take a nilpotent element e ′ ∈ k. It then follows from (3.2) that
If dim z g (e, e ′ ) = rk g + 1, then we must have dim z g(0) (e ′ ) = rk g(0) = rk g and dim z g(1) (e ′ ) = 1 for "parity" reason. Thus e ′ is regular in g(0) and hence in k. This argument can be reversed.
Note that a rectangular almost pn-pair is necessarily of non-Z-type and that condition 2 can be restated as follows:
3.6 Example. Let g = sp 2n . For 0 < k < n, consider the subalgebra sp 2k ⊕sp 2n−2k ⊂ sp 2n . Let e 1 (resp. e 2 ) be a regular nilpotent element in sp 2k (resp. sp 2n−2k ). Then (e 1 , e 2 ) is a rectangular almost pn-pair.
We refer to [ElPa] for a classification of rectangular almost pn-pairs in the simple Lie algebras.
Dual pairs associated with nilpotent pairs
Let a, a ′ ⊂ g be two subalgebras. Following R. Howe, we say that a and a ′ form a dual pair, if a ′ = z g (a) and vice versa. A reductive dual pair is a dual pair (a, a ′ ) such that each of a, a ′ is reductive. It is clear how to define a dual pair of groups. In the group setting the problem is however more subtle, because of connectedness questions. A classification of reductive dual pairs in reductive Lie algebras was obtained by H. Rubenthaler, see [Ru94] . In the spirit of Dynkin, he introduced the notion of an 'S -irreducible' dual pair and described all such pairs in the simple Lie algebras. The general classification is then reduced to that for S -irreducible pairs.
Definition.
A dual pair (a, a ′ ) is called S -irreducible, if a + a ′ is an S -subalgebra in the sense of Dynkin, i.e., it is not contained in a proper regular 1 subalgebra of g.
Let e ∈ E be a nilpotent pair and h a semisimple pair satisfying Eq. (1.2). Then the quadruple (e, h) is said to be quasi-commutative. By definition, put
Our aim is to demonstrate a sufficient condition for (k 1 , k 2 ) to be a dual pair.
Note that e 2 , h 2 ∈ k 1 and e 1 , h 1 ∈ k 2 . Consider the bi-grading of g determined by h:
, where (i, j) runs over a finite subset of k×k including (0,0), (1,0), and (0,1). The restriction of this bi-grading to either k 1 or k 2 gives ordinary gradings
4.2 Proposition. Let (e 1 , e 2 , h 1 , h 2 ) be a quasi-commutative quadruple. Suppose dim z g (e 1 , h 1 , e 2 ) = dim z g (e 1 , h 1 , h 2 ). Then (i) the grading of k 1 is actually a Z-grading, i.e., the eigenvalues of ad h 2 on k 1 are integral. Furthermore, the centralizer z k 1 (e 2 ) = z g (e 1 , h 1 , e 2 ) is nonnegatively graded;
[Of course, this has the symmetric analogue, where indices 1 and 2 are interchanged.]
Proof.
(i) The space z g (e 1 , h 1 , h 2 ) = z k 1 (h 2 ) = (k 1 ) 0 possesses the e 2 -filtration and lim e 2 z k 1 (h 2 ) ⊂ z k 1 (e 2 ) = z g (e 1 , h 1 , e 2 ). It follows from the definition of e 2 -limit that
. Under our assumption, this means that lim e 2 z g (e 1 , h 1 , h 2 ) = z g (e 1 , h 1 , e 2 ) and the eigenvalues of ad h 2 on z g (e 1 , h 1 , e 2 ) are nonnegative integers. Assume that (k 1 ) j = 0 for some j ∈ k\Z. Since (k 1 ) j is killed by some power of ad e 2 , we have j + c is the eigenvalue of ad h 2 on z g (e 1 , h 1 , e 2 ) for some c ∈ Z ≥0 , which is impossible. Thus, all the eigenvalues of ad h 2 must be integral.
(ii) Set (k 1 ) ≥j = ⊕ i≥j (k 1 ) i and consider the linear map (ad e 2 ) ≥0 : (k 1 ) ≥0 → (k 1 ) ≥1 . By part (i), we have Ker (ad e 2 ) ≥0 = z k 1 (e 2 ). That is, dimension of the kernel is dim z g (e 1 , h 1 , h 2 ) = dim (k 1 ) 0 . Thus, (ad e 2 ) ≥0 must be onto.
Theorem.
Suppose a quasi-commutative quadruple (e 1 , e 2 , h 1 , h 2 ) satisfies the conditions
Proof. Since e 1 , h 1 ∈ k 2 and e 2 , h 2 ∈ k 1 , we have k 1 ⊃ z g (k 2 ) and k 2 ⊃ z g (k 1 ). That is, the property of being a dual pair is equivalent to that [k 1 , k 2 ] = 0. We first prove that (k 2 ) ≥0 commutes with (k 1 ) ≥0 . Condition 1 says that (k 1 ) 0 commutes with (k 2 ) 0 . Therefore the subalgebras generated by {(k 1 ) 0 , e 2 } and {(k 2 ) 0 , e 1 } commute. By (4.2)(ii), the subalgebra generated by (k 1 ) 0 and e 2 is (k 1 ) ≥0 . Under condition 3, the same applies to k 2 in place of k 1 . That is, the subalgebra generated by (k 2 ) 0 and e 1 is (k 2 ) ≥0 .
Consider the set
It is immediate that M is ad e i -and ad h i -stable (i = 1, 2). Assume that M = {0}, that is, [x, y] = 0 for some x ∈ (k 1 ) j and y ∈ (k 2 ) i . By successively applying ad e 1 and ad e 2 , we eventually obtain a nonzero
It then follows from (4.2)(i) that i ′ ≥ 0 and j
Given e, it may a priori happen that there are several non-equivalent choices of h such that h satisfies Eq. (1.2) and the hypotheses in (4.3). Fortunately, this question does not arise for (almost) pn-pairs. We may even give a more precise statement in these cases. Set
These groups are not necessarily connected, but LieK i = k i .
Theorem.
Suppose e is either a pn-pair or an almost pn-pair and h is an associated semisimple pair. Then
This dual pair is reductive if and only if the pair e is rectangular;
Proof.
1. Since z g (h) is Abelian in both cases, hypothesis 1 in (4.3) is satisfied. By Theorem 2.4(3), the other hypotheses are satisfied, too. The centre of k i is equal to
2. Clearly, k 1 is reductive if and only if k 2 is reductive. If k 2 is reductive, then it contains a suitable sl 2 -triple together with e 1 . The opposite implication follows from 3.3(3).
3. By symmetry, it suffices to prove the first equality. Since e 2 , h 2 ∈ k 1 , we have
In the proof of the opposite inclusion we use the relation Z G (k 1 ) ⊃ K o 2 proved in the first part. Let s ∈ K 2 be an arbitrary element. One has to prove that s·x = x for all x ∈ k 1 . By (2.4)(4), (k 1 ) 0 is just the centre of l 2 . Because K 2 lies in the connected group L 2 := Z G (h 2 ), it commutes with (k 1 ) 0 . By the very definition, K 2 commutes with e 2 . Thus, it commutes with (k 1 ) ≥0 . It then follows from (4.2)(i) that s·x = x for x ∈ z k 1 (e 2 ). Consider Y := {y ∈ k 1 | s·y = y}. Suppose Y = ∅. Choose an element y 0 ∈ Y which is killed by the least possible power, say p, of ad e 2 . That is, (ad e 2 ) p y 0 = 0 and (ad e 2 ) p+1 y 0 = 0. Since Y ∩ z k 1 (e 2 ) = ∅, we have p ≥ 1. Then (ad e 2 ) p y 0 ∈ z k 1 (e 2 ) ⊂ (k 1 ) ≥0 and hence (ad e 2 ) p y 0 = s·((ad e 2 ) p y 0 ) = (ad e 2 ) p (s·y 0 ). In other words, (ad e 2 ) p (s·y 0 − y 0 ) = 0. It follows that y 1 := s·y 0 − y 0 ∈ Y and s·y 1 = y 1 . Therefore s n ·y 0 = y 0 + ny 1 for all n ∈ N. However, we have s n ∈ K o 2 ⊂ Z G (k 1 ) for some n > 0 and therefore y 1 must be zero. This contradiction proves that Y = ∅.
It follows from parts 1 and 2 that k
, where g (1) is a proper regular subalgebra of g. Then there exists a maximal semisimple subalgebra g (2) ⊂ g (1) such that k 1 + k 2 ⊂ g (2) . This g (2) is a regular subalgebra of g, too. According to the description of maximal regular semisimple subalgebras of g, g (2) is contained in the fixed-point subalgebra of some element s ∈ G of prime order (s = 1). Remark. Arguing as in part 4 and using Prop. 2.14(1), one proves that if e is either a pn-pair or an almost pn-pair of Z-type, then k 1 + k 2 is not contained in a proper reductive regular subalgebra of g. However, k 1 + k 2 may lie in a proper parabolic subalgebra for a non-rectangular pn-pair e, see example 1 in (4.6).
4.5 Corollary. If
One may observe that we did not use properties of (almost) pn-pairs in full strength in the above proofs. This suggests the notion of an (almost) pn-pair could be weakened so that the conclusion of Theorem 4.3 still holds. A possible generalization in the rectangular case is discussed in the next section.
Remark. In the rectangular case, K i is a maximal reductive subgroup of Z G (e i ) and therefore
o . This group is known for all nilpotent orbits. The description is due to Springer and Steinberg [SpSt] for the classical Lie algebras and due to A. Alekseevskii [Al79] for the exceptional ones.
4.6 Examples. We give illustrations to theorem (4.4). 1. The simplest non-rectangular pn-pair occurs in g = sl 3 . Let and h 2 = diag (−1/3, 2/3, −1/3). Whence k 1 = e 2 , h 2 and k 2 = e 1 , h 1 . It is clearly visible in this case that, for instance,h 1 = diag (1, 0, −1) andh 1 = 2h 1 .
2.
In (2.15), a series of almost pn-pairs in sp 4n is described. In that case k 1 = e 2 , h 2 , while dim k 2 = 2n 2 − n + 1. The Levi decomposition of k 2 is as follows: k red 2 ≃ so 2n−1 ⊕ k; k nil 2 is Abelian and affords the simplest representation of so 2n−1 . 3. The rectangular pn-pairs in simple Lie algebras were classified in [EP99] . For instance, there are 4 such pairs in E 7 and 1 pair in either of F 4 , E 6 , E 8 . The corresponding S -irreducible reductive dual pairs are:
It turns out a posteriori that for all nilpotent orbits occurring in this situation the groups Z G (e i ) are connected (in the adjoint group!). Hence the above two lines represent also the dual pairs of connected groups in the respective adjoint group G.
Remark. One cannot hope to detect new instances of reductive dual pairs, since their classification was obtained by Rubenthaler. However, the 'tableau récapitulatif' in [Ru94, p. 70] contains several inaccuracies. Below we use Rubenthaler's notation. Each time an orthogonal Lie algebra o(m) occurs as factor, one has either to require that m = 2, or to replace the given dual pair by a correct one. This refers to the following possibilities in that table:
For instance, if p = 2 for C n , then the dual pair must be (gl(k + 1), o(2)), not (sp(k + 1), o(2)). However, unlike the case p = 2, this dual pair is not S -irreducible. It is also interesting to observe that Rubenthaler's "diagrammes en dualité" correspond exactly to the dual pairs arising from the rectangular pn-pairs.
Semi-principal pairs
We shall say that a subalgebra a ⊂ g is reflexive whenever z g (z g (a)) = a. This is tantamount to saying that (a, z g (a)) is a dual pair. Obviously, z g (a) is reflexive for any algebra a ⊂ g. In particular, the centralizer of any sl 2 -triple is reflexive. It is therefore interesting to to find out those sl 2 -triples whose double centralizer has some natural description, e.g., is again the centralizer of an sl 2 -triple. For instance, in the dual pair associated to a rectangular pn-pair, both algebras k 1 and k 2 are the centralizers of sl 2 -triples. Moreover, k 1 can be described as the centralizer in g of a principal sl 2 -triple in k 2 . This fact and the criterion given in (3.4) provide some motivation for the following definition. Recall that a nilpotent element e in a reductive Lie algebra l is called distinguished whenever any semisimple element of z l (e) lies in the centre of l.
Definition.
A pair of nilpotent elements (e 1 , e 2 ) ∈ g × g is called semi-principal rectangular (= spr -pair), if the following holds: (i) there exist commuting sl 2 -triples {e 1 ,h 1 , f 1 } and {e 2 ,h 2 , f 2 } (rectangularity);
Define the subalgebras k i , l i , c i and the subgroups K i (i = 1, 2) as above, withh i in place of h i . The meaning of condition (ii) is that e 1 should be a distinguished element in k 2 which remains distinguished as element of l 2 . Note that (e 2 , e 1 ) need not be an spr -pair and e 2 need not be even in g. But if e 2 is even in g, it is also even in k 1 . It follows from (2.4) that each rectangular (almost) pn-pair is an spr -pair.
Theorem.
Let (e 1 , e 2 ) be an spr -pair. Then
(ii) c 2 is a Cartan subalgebra and e 2 is a regular nilpotent element in k 1 ;
Proof. (i) The argument is close to that in 2.4(4). By definition, z g (e 1 ,h 2 ) = z l 2 (e 1 ) = c 2 ⊕ n, where n ⊂ [l 2 , l 2 ] consists of nilpotent elements. As e 1 ,h 1 ∈ l 2 , we have
This clearly forces that z k 1 (h 2 ) = c 2 .
(ii) Sinceh 2 is semisimple, the previous equality means c 2 is a Cartan subalgebra in k 1 . Because e 2 is assumed to be even in k 1 , the sl 2 -triple {e 2 ,h 2 , f 2 } is principal in k 1 .
(iii) As in the proof of (4.3), it is enough to prove that [k 1 , k 2 ] = 0. It follows from (ii) that k 1 is generated by c 2 , e 2 , and f 2 as Lie algebra. Since k 2 ⊂ l 2 and c 2 is the centre of l 2 , we see that k 2 commutes with the stuff just described.
Examples.
A method of searching spr -pairs is as follows. Let {e 2 ,h 2 , f 2 } be an sl 2 -triple. First, one has to explicitly determine k 2 , l 2 , and the embedding k 2 ֒→ l 2 . A universal way is to exploit the weighted Dynkin diagram of e 2 , but in case of classical Lie algebras the formulas in terms of partitions are also available. The next step is to find a distinguished element e 1 ∈ k 2 which remains distinguished in l 2 . In case e 2 being even in g, this is enough. Otherwise, one need to check that e 2 is even in k 1 . The first candidate for e 1 is a regular nilpotent element in k 2 . However, it can happen that regular nilpotent elements in k 2 fail to be distinguished in l 2 , while elements of a smaller orbit in k 2 satisfy our requirements. Furthermore, it can happen that there are several such orbits in k 2 . This means we obtain spr -pairs (e ′ , e 2 ) and (e ′′ , e 2 ) such that e ′ and e ′′ lie in different G-orbits in g, see e.g. example 3 below. Nevertheless, it follows from (5.2)(iii) that reductive parts of the centralizers of e ′ and e ′′ will coincide-they are just equal to z g (k 2 ).
We refer to [CM93, ch. 4 & 8] for standard facts on weighted Dynkin diagrams and labelling of nilpotent orbits.
1.
Let O 2 be the nilpotent orbit in g = E 7 , labelled by 2A 2 . The weighted Dynkin diagram of O 2 is 0-2-0-0 0 -0-0 . Therefore l 2 ≃ so 10 ⊕ sl 2 ⊕ k and one finds in [El75] that
. Let e 1 be a regular nilpotent element in k 2 . The above description of embedding shows that e 1 is distinguished as element of l 2 . More precisely, e 1 = e ′ + e ′′ , where e ′ ∈ so 10 corresponds to the partition (7,3) and e ′′ ∈ sl 2 is regular.
(The distinguished nilpotent orbits in so N correspond bijectively to the partitions of N into distinct odd parts.) Since e 2 is even in g, it is also even in k 1 . Hence a dual pair comes up and it remains to realize what k 1 is. The orbit of e ′ in so 10 is subregular and is labelled by D 5 (a 1 ). Therefore the label of O 1 = G·e 1 is D 5 (a 1 ) + A 1 . Now, one finds in the list of weighted Dynkin diagrams for E 7 that the diagram corresponding to O 1 is 0-0-2-0 0 -0-2 . Hence l 1 ≃ sl 4 ⊕ sl 3 ⊕ k 2 and, by [El75] , k 1 ≃ sl 2 . Thus, the dual pair is (A 1 , G 2 ⊕ A 1 ). As in example 3 of (4.6), the groups Z G (e i ) (i = 1, 2) appear to be connected. The connected groups K i (i = 1, 2) form therefore a dual pair of groups. ′ is already chosen, the partition of ν 1 (e 1 ) has a part equal to 2n. Thus, e ′′ must be a distinguished element in sp 2l whose partition contains no parts equal to 2n. For instance, one may take e ′′ to be regular whenever n = l. In case n = l, it is easy to see that a required partition exists if and only if n ∈ {1, 2}. Thus, spr -pairs come up if and only if (n, l) ∈ {(1, 1), (2, 2)}, and the choice of e 1 is not unique in general. The partition of e 1 is either of (2n, . . . , 2n m , 2l 1 , . . . , 2l t ), where i l i = l, l i = l j , and l i = n. For all such choices, k 1 is equal to so m and we obtain the dual pair (sp 2n ⊕ sp 2l , so m ). It follows from [Ru94] that these algebras form a dual pair even if (n, l) = (1, 1) or (2,2). But, for these 'bad' values so m has no interpretation as the centralizer in g of an sl 2 -triple in k 2 . Observe also that one obtains a rectangular pn-pair, if l = 0.
It is not hard to classify all even elements arising as the second member of an spr -pair. But instead of doing this, we introduce and classify more general elements in the next sections.
Excellent elements and excellent sheets
For an spr -pair (e 1 , e 2 ), Theorem 5.2 says that e 2 is a regular nilpotent element in
,h 2 , f 2 )) and that c 2 = z g (z g (h 2 )) is the centralizer ofh 2 in k 1 . That is, the functor of taking the double centralizer, applied to {e 2 ,h 2 , f 2 }, has nice properties. Our goal in this section is to axiomatize, investigate, and give applications of this phenomenon.
6.1 Definition. A nilpotent element e is called quasi-excellent, if dim z g (z g (h)) = rk z g (z g (e,h, f )) for a (any) sl 2 -triple {e,h, f } containing e; e is called excellent, if it is even and quasi-excellent. The same terminology applies to the sl 2 -triple itself.
Proof. 1. Since [g, e] ⊕ z g (f ) = g, the affine space e + z g (f ) is transversal to the orbit G·e at e. Consider the subspace A := e + z k ∨ (f ) = (e + z g (f )) ∩ k ∨ . Since {e,h, f } is a principal sl 2 -triple in k ∨ (see 6.2(1)), A is a section of the open sheet in k ∨ . This is a classical result of Kostant [Ko63] . Therefore almost all elements in A are semisimple and K ∨ -conjugate to elements in c, the latter being both a Cartan subalgebra in k ∨ and the centre of l. It follows that max x∈A dim G·x = dim G − dim l = dim G·h and G·A = G·c = Sh(e). Consider the 1-parameter group {λ(t) | t ∈ k * } ⊂ GL(g), where
It is easily seen that A is λ(k * )-stable and e ∈ λ(k * )x for all x ∈ A. Whence dim G·e ≤ dim G·x. Because e is assumed to be even and hence dim G·e = dim G·h, all G-orbits intersecting A have the same dimension. Thus A ⊂ Sh(e).
Our next argument relies on results of P. Katsylo [Ka82] . He studied the variety S ∩ (e ′ + z g (f ′ )) for an arbitrary sheet S containing an arbitrary nilpotent element e ′ . By [Ka82, 0.1], we have
• the G-orbits in S intersect B transversally,
Applying this to Bh := Sh(e) ∩ (e + z g (f )) and the irreducible components Bh i , we see that dim Bh i = dim c. Since dim A = dim z k ∨ (f ) = dim c and A ⊂ Bh , we have A is an irreducible component of Bh and Sh(e) = G·A. It follows from transversality condition that the natural map G × A → Sh(e) is smooth and hence Sh(e) is smooth, too.
2. By [Ka82, 0.2], the connected group K o acts trivially on Bh or, equivalently, Bh is contained in z g (k) = k ∨ . Therefore
Whence A = Bh .
3. By [Ka82, 0.3], two points x ′ , x ′′ ∈ A lie in the same G-orbit if and only if these lie in the same K/K o -orbit. Thus, A is a section of Sh(e) if and only if K acts trivially on A. Let x ′ be a generic point in A. Then x ′ is a regular semisimple element in k ∨ and hence K ∨ ·x ′ contains a point y ∈ c. We have Z G (y) = Z G (h) ⊃ K and x ′ = s·y for some s ∈ K ∨ . Then Z G (x ′ ) ⊃ sKs −1 . By 6.2(2), the subgroups K and K ∨ commute.
Hence K ⊂ Z G (x ′ ) and we are done.
4. Let S be an arbitrary sheet containing e. Arguing as in the proof of part 2, we obtain (e + z g (f )) ∩ S ⊂ k ∨ . Therefore (e + z g (f )) ∩ S ⊂ e + z k ∨ (f ) ⊂ Sh(e). Since S = G· (e + z g (f )) ∩ S by Katsylo's result, we must have S = Sh(e).
6.7 Corollary. The assertions of (6.6) are valid for both members of the rectangular pn-pairs.
Proof. By theorems 3.4 and 5.2, each member of a rectangular pn-pair is excellent.
In view of 6.6(4), the sheet containing an excellent element is said to be excellent, too.
One may remember that each sheet in sl N is smooth and has a section, and each nilpotent element belongs to a unique sheet. On the other hand, it is shown by Ginzburg that pnpairs in sl N are essentially being classified by Young diagrams with N boxes, see [Gi99, 5.6 ]. In particular, each nilpotent element can be included in a pn-pair. (This nice property is no longer true for the other simple Lie algebras.) It is then natural to suggest that something like Theorem 6.6 holds for arbitrary pn-pairs.
6.8 Conjecture. Let e be a member of a pn-pair. Then e belongs to a unique sheet, this sheet is smooth and has a section.
In principle, uniqueness of the sheet can be checked in a case-by-case fashion. The explicit description of induced orbits in the simple Lie algebras is known, see [Sp82] , [Ke83] , [El85] 2 . Therefore, given a nilpotent orbit, one can say whether it belongs to a unique sheet. Unfortunately, sl 2 -framework breaks completely down in the general situation and it is not clear how to produce a section. Some hint is however provided by (1.4): If (e 1 , e 2 ) is a pn-pair, then e 2 is a Richardson element in p 2 . Hence e 2 lies in the Dixmier sheet (G·c 2 )
reg . It follows from 1.3(4) and 2.4(3) that dim z g (e 1 , h 1 , e 2 ) = dim c 2 and one may hope that z g (e 1 , h 1 , e 2 ) should enter somehow in the conjectured section. At least, f 2 + z g (e 1 , h 1 , e 2 ) is a section in the rectangular case, cf. (6.6). Unfortunately, we have 2h 1 =h 1 and f 2 ∈ z g (e 1 , h 1 ) in general!
Classification and tables
Since the excellent orbits (or sheets) enjoy excellent properties, it is worth to get the list of them. Our classification is presented in two tables. Give the necessary details concerning our computations.
(7.1) The exceptional case.
In G 2 , the only excellent orbit is the regular nilpotent one. For the non-regular excellent orbits, k has to be non-trivial and semisimple. Looking through the tables in [El75] , one finds that the number of such even orbits in F 4 , E 6 , E 7 , E 8 is equal to 3, 3, 15, 13 respectively. Having computed z g (k) in each case, an admissible sheet, while the total number of sheets containing it is equal to 3, see [El85,  table 1 ]. It should also be noted that Rubenthaler writes nothing about smoothness of admissible sheets and that our approach to the problem is less technical.
